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Restrictions on quantum operations give rise to resource theories. Total lack of a shared reference 
frame for transformations associated with a group G between two parties is equivalent to having, 
in effect, an invariant channel between the parties and a corresponding superselection rule (SSR). 
The resource associated with the absence of the reference frame is known as 'frameness' or 'asym- 
metry'. We show that any entanglement monotone for pure bipartite states can be adapted as a 
pure-state frameness monotone for phase-invariant channels (equivalently U(l) superselection rules) 
and extended to the case of mixed states via the convex-roof extension. As an application, we con- 
struct a family of concurrence monotones for U(l)-frameness for general finite-dimensional Hilbert 
spaces. Furthermore we study 'frameness of formation' for mixed states analogous to entanglement 
of formation. In the case of a qubit, we show that it can be expressed as an analytical function of 
the concurrence analogously to the Wootters's formula for entanglement of formation. Our results 
highlight deep links between entanglement and frameness resource theories. 
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I. INTRODUCTION 

Effective communication is achieved by sending objects 
through a channel, with the information encoded into 
the physical states of the objects. For example, infor- 
mation can be encoded into energy levels, rotations, or 
arrival times of the objects, but every method of phys- 
ically transmitting information requires a shared refer- 
ence frame (RF) between the parties to the communica- 
tion. For the cases of energy levels, rotations, and arrival 
times, the parties should share the ability to read ener- 
gies, orientations, and the passage of time in order to 
have the ability to decode the encoded information, and 
this shared ability is achieved by calibrating their instru- 
ments. 

In a classical setting, once these devices are calibrated, 
they are forever reliable, and the cost per use for the cal- 
ibration is negligible if the device is used many times. As 
quantum mechanics underpins classical mechanics, the 
quantumness of creating this shared RF must be consid- 
ered by expressing the resource in quantum terms, and 
this resource may be consumed because typical quantum 
measurements at least partially demolish the quantum 
state being measured [l|, Q. Studies of quantum RFs 
and their inherent values as resources is the domain of 
quantum RF theory (Tl-Q , but such studies have focused 
mainly on pure RF resource states (except for the work 
in Q which focused on the relative entropy of frameness). 

Our aim here is to develop quantum RF measures that 
cover both pure and mixed states because pure states 
are an unattainable ideal. Many entanglement measures 
exist for bipartite quantum states, but these measures 
are equivalent to each other for the restriction to pure 
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bipartite quantum states. For mixed states, these mea- 
sures can be quite different and should be understood 
operationally. Our theory exploits analogies with entan- 
glement resource theory, and we concentrate solely on RF 
monotones that are defined over pure states and extended 
to mixed states by convex-roof extensions. 

Our focus will be on the case where parties lack a com- 
mon reference for phase and are restricted to physical 
transformations that are invariant under phase changes. 
In particular, we develop a method to construct differ- 
ent types of frameness monotones by adapting existing 
entanglement monotones. As an example, we introduce 
a concurrence frameness monotone. Also we consider a 
'frameness of formation' monotone which quantifies the 
number of refbits (analogous to ebits) Q that arc re- 
quired to construct the resource state asymptotically us- 
ing only allowed operations and show that our frameness 
of formation is a proper monotone (non-increasing on 
average under the set of allowed operations). Our work 
creates a foundation for studies of quantum frameness 
for mixed-state resources and points to the analogies be- 
tween entanglement and frameness that are ripe for ex- 
ploitation. 



II. PRELIMINARIES 

In this section, we reprise the basic notions of quan- 
tum RF theory, which are necessary in order to gen- 
eralize from pure-state to mixed-state quantum RFs. 
We cast the theory in a quantum communication con- 
text in which two parties, Alice and Bob, collaborate so 
that Alice can effect a completely-positive map £ to her 
state p <G S(J4?), for J4? the Hilbert space and S(Jf?) 
the space of normalized states that act on Jff. Also let 
V(Jf?) denote the projective Hilbert space of the Hilbert 
space 3*t ', For a finite Hilbert space J>t? = C d , the projec- 
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tive Hilbert space is the complex projective space PC d 1 . 

Alice and Bob have identical systems, so their Hilbert 
spaces are isomorphic, but we assume that Alice lacks 
the tools to perform mapping £ and relies on Bob, who 
has this capability. Alice sends the state p to Bob via 
a (completely-positive trace-preserving) communication 
channel C : S(J^) — s- S(Jf), but unfortunately Alice 
and Bob lack shared reference frame information. We 
shall see that lacking shared reference frames can imply 
a superselection rule (SSR) on the transformation £ that 
Alice, with Bob's collaboration, wishes to implement [lj. 

The specific channel we consider is a random uni- 
tary channel (RUC) denoted U(g) such that U(g)[p] = 
U(g)pU'(g) for each U(g) an automorphism on H 
and g € G for G some group parametrizing all of the pos- 
sible unitary channels connecting Alice to Bob. Where 
Alice and Bob lack shared reference frame information, 
G is the group of transformations between the frames. 
The lack of reference frame information is manifested as 
a complete ignorance of g by Alice and Bob; mathemat- 
ically this complete ignorance corresponds to a uniform 
prior distribution for g over the Haar measure for the 
group G. 

Alice sends the state p to Bob via the channel U(g), 
and Bob then effects the mapping £ and sends the re- 
sultant state £ o U(g)[p] back to Alice. For W{g)\p] := 
U^(g)pU (g), and given Alice's uniform lack of knowledge 
of g, she receives the state 

£ G [p]:= [ c\p(g)U\g)o£oU(g)[p] (1) 
Jg 

for dp(g) the group-invariant (Haar) measure. As this 
relation holds for any p, we can write 

£ G := f dfx(g)UHg)o£oU(g)=:g(£), (2) 
Jg 

which is known as 'twirling' £, with Q being the twirling 
operation. Twirling is idempotent: twirling a twirled 
operator leaves the twirled operator intact. This imposes 
a direct-sum structure on Alice's Hilbert space, which is a 
SSR [l| . We can assume that U is fully reducible as such 
a representation always exists for compact Lie groups and 
finite Hilbert spaces. 

We define a G-invariant operation £ according to £ o 
U{g) = U{g) o £ for all g g G. Thus, £ G = £ if and 
only if £ is a G-invariant operation. Therefore the lack 
of reference information is not an impediment for Alice 
and Bob to collaborate to effect £ if £ is G-invariant. 

Now we consider the U(l)-invariance case following the 
approach of Gour and Spekkens [||. The abelian group 
U(l) has a unitary representation 9 <— > exp(~t8n) for n 
the Hermitian generator with spectrum {n g N}. Wc 
refer to n as a number operator. 

The Hilbert space can be expressed as the direct 
sum 3^ = Q n Jf° n with n an irrep index for U(l) and J4? n 
the multiplicity subspaces. The eigenstates \n,0) of the 



number operator form a basis for Jtf n where (3 is a multi- 
plicity index. Operations on multiplicity spaces are un- 
affected by the U(1)-SSR and as a result any pure state 
can be transformed via the U(l)-invariant unitary trans- 
formation to a standard form. Consider the pure state 

|V>)=£c„h/>„> (3) 

n 

where \ip n ) € are normalized states, and let A„ := 
|c„| 2 . We apply the Gram-Schmidt process to extend 
\t/j n ) to a full orthonormal basis {IVVi)} U {|0n,/3)}^ of the 
subspace Ji? n . The unitary transformation 

u ■= E f Amx^i + E m><« ) (4) 

is U(l)-invariant and takes the state to the standard 
form 

iv>> = E^w ( 5 ) 

n 

where \n) is shorthand notation for the fixed choice of 
the state |n, 0). The spectrum of the state \ip) is defined 
to be the set 

spec(|^)) :={n;A„ >0}. (6) 

The G-invariant operator £ can be expressed as a 
Kraus operator decomposition 

£[p]=Y^K^pK^\ (7) 

e 

and for general U(l)-invariant CP maps on standard 
states, Kraus operators must have the form 

*t> = E fc &V+w (8) 

n 

for £ an integer and kf^ g C such that J2l 1^4^ | 2 — 
1 with equality holding if the transformation is trace- 
preserving Q . In this notation, £ represents the number- 
shift imposed by the Kraus operator and a an index for 
a particular ^-shifting Kraus decomposition. 

States that are not G-invariant are resources that Al- 
ice or Bob can use to circumvent SSR restrictions, and 
"frameness" denotes this quantum resource. Here we fo- 
cus on the U(1)-SSR that corresponds to lacking a com- 
mon phase, for example the phase of a laser in homodync 
measurements or orientation in a plane. 

Note that we express everything with respect to Al- 
ice's RF and make a distinction between the preparation 
procedure by Alice and the consequent transformations 
of the prepared state performed by Bob, who has access 
to the prepared state only through the twirling channel. 
Alice can prepare any state including coherent superpo- 
sitions that are restricted by the SSR. However, as all 



3 



operations afterwards are performed by Bob who does 
not have access to Alice's RF, the transformations of the 
state have to be G-invariant. Thus, a coherent superpo- 
sition, like the state \ifi) in Eq. ([5]), is distinct from the 
mixture 

p:=J2Un)(n\ (9) 

n 

that results from twirling the state. Let us compare the 
case where Alice prepares the coherent state versus 
the case where she prepares the invariant state p. Of 
course, Bob receives the twirled state p in either case 
and he is free to perform any operation on the state he 
receives relative to his own RF before sending the state 
back to Alice. With respect to Alice's RF, however, the 
net result is a U(l)-invariant transformation on a coher- 
ent supersposition in the first case and on the twirled 
mixture in the second case (See Eqs. (QJ and ((5J)). The 
two cases are distinct. For example, \ip) can be trans- 
formed to p while p cannot be transformed to \tp) by 
U(l)-invariant operations, i. e. by Bob when viewed in 
Alice's RF. A state like \ip) that is not G-invariant is a 
resource, while G-invariant states like p are not. Alice 
can accompany a resource state (known to herself and 
to Bob) with the target state that Bob is supposed to 
act on and send them together to Bob. This way, the 
resource state acts as a token of Alice's RF and can be 
used to partially overcome the SSR-rcstriction on trans- 
formations. In other words, there exist joint G-invariant 
transformations on the two states whose net effect on the 
target state alone is equivalent to a transformation that 
is no longer G-invariant [H, 0- If Alice accompanies a 
G-invariant state instead of a resource with the target 
state, this is no longer possible. G-invariant states are 
non-resource states. 

Frameness monotones are functions that measure the 
strength of resource states. We now begin with a discus- 
sion of frameness monotones in general. 

III. FRAMENESS MONOTONES 

A quantum RF resource should be a monotone in order 
that the amount of frameness does not increase under 
allowed operations. 

The motivation for monotones is that they provide op- 
erational measures to quantify the strength of resources. 
If one is faced with a certain task and one wants to know 
what is the maximum probability with which the task 
can be performed or the maximum number of particular 
states that one can acquire using G-invariant operations, 
the definition of that task already involves an optimiza- 
tion over all allowed operations. It shouldn't be possible 
to do better by first pre-processing the resource because 
the definition of the task assumes that all the preprocess- 
ing has already been done. In such cases, any measure of 
the strength of the resource cannot increase under the re- 
stricted operations. Entanglement monotones, which are 



attempts to measure entanglement, are functions over 
states that are non-increasing under local operations and 
classical communication (LOCC). Here we consider func- 
tions that are non-increasing under G-invariant opera- 
tions @,0|- 

Monotones can also be used to determine whether cer- 
tain states can or cannot be transformed to each other 
under the SSR-restrictions. A state with a lower value 
of a frameness monotone cannot be turned into a state 
with higher value of the monotone using group symmetric 
transformations. Thus, monotones under G-invariant op- 
erations are also studied in the context of symmetric dy- 
namics. Monotones quantify the asymmetry of quantum 
states, and provide new conditions beside those specified 
by Noether's theorems and the related conservation laws 
to determine the consequences of symmetry for mixed 
states in closed dynamics as well as pure and mixed states 
in dissipative and open systems. Frameness monotones 
are known as asymmetry monotones in this context Q. 

In this section, we establish a set of reasonable condi- 
tions that a valid frameness measure should satisfy, and 
we provide insight and background for this choice of con- 
ditions. 

The transformation £ can be decomposed into a set 
of completely positive operators {£ x } with £ = ^2 X S X . 
For input state p, the output state is expressed as the 
unit-trace state 

a x := £ x \p]/p x , p x ■= Tr(£ x [p]) (10) 

with ^ the probability of the x th outcome. The ensemble 
of outcomes is written as {a Xl p x }. 

Definition 1. A function F : S (Jf?) — > R + is an en- 
semble frameness monotone if it satisfies 

Fl. F{p) = for any G-invariant state p = G{p); 

F2. F(p) > J2xPxF{cr x ), for each £ x being G- 
invariant; 

F3. F is convex: for any ensemble {cri,pi}, 
ZiPiH^^F^PiO-i). * 

Conditions F1-F3 are analogous to Vidal's criteria for 
entanglement monotones @- In general Condition F3 
may not be necessary as logarithmic negativity (which 
provides an upper bound for distillable entanglement) 
is a useful measure of entanglement although not con- 
vex (To| . However, here we restrict to convex measures 
and therefore require all three Conditions F1-F3. 

We can also define pure-state frameness monotones 
in a similar manner. Pure-state frameness monotones 
arc functions that behave monotonically under the more 
restricted set of G-invariant operations that map pure 
states to pure states only. 

Definition 2. A function 

± pure Fpure 

mm 

is an ensemble pure-state frameness monotone if it sat- 
isfies 
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Fl. F pure (\tjj) (ip\) = for any G-invariant 
state WWI=W>M); 



F2. F pure (\ip){^\) > E x PxF pure (\(p x }(^ x \), for 
G-invariant transformations £ x , such that 

|<M(<^I -SxWWW/p*, P* ■= Tr{E x U){n)- 

Here ViJtf?) denote the 'projective Hilbert space of the 
Hilbert space M' '. 

If an ensemble frameness monotone already exists for 
pure states, one way to extend the pure-state monotone 
to a measure defined for all states p is according to the 
following definition: 

Definition 3. Given a pure-state frameness monotone 



TP 

J- I) 



the convex-roof extension F is defined by 
F : S(J4?) -> K+ : 



(11) 



p i — \ Ftp) = min 

{Hi),Pi} 



Pi F pure (\t/ji)(4>i\) 



with the minimum taken over all possible pure-state de- 
compositions of p = ^2iPi\ipi){tpi\- 

For pure states (i. e. rank-one density operators) the 
two monotones are of course always equal: 

mVXVl) = F purc (|V>)M), V|^)e^. (12) 

As we presently show the convex-roof extension of a 
pure-state ensemble monotone is an ensemble monotone 
for all states based on Definition [TJ To see this, consider 
the following two lemmas that follow directly from the 
definition of the convex-roof extension. 

Lemma 1. The convex-roof extension of a pure-state 
frameness monotone is a convex function. 

Proof. Let p = ^PiPu and let p t = 'Ej Pijlfaj) (fail be 
the optimal decomposition of pi in the sense of Eq. dTTJ) . 
The minimum average frameness of p is reached cither 
by the sum 



F (p) = ^2piPijF puic {\ij)ij){if>ij\) = ^p t F{ Pi ) (13) 
or by some other ensemble ||'/ , £ Q ''),'Zc| forming p, in 



which case 



F{p) = X>^pure (|<M(^I) < E^ F (^) ( M ) 



so that in general F(p) < J2iPiF{pi)- 
Lemma 2. // 



□ 



F„ 



does not increase on average under G-invariant transfor- 
mations between pure states (i. e. F pure is a pure-state 
ensemble monotone) then the convex-roof extension de- 
fined by Eq. ill]) is an ensemble frameness monotone. 



Proof. We need to show that, for any p and G-invariant 
operation £ = YL x ^x, we have F(p) > J2 x PxF(cr x ), 
where 



<j x := £ x [p]/p x , p x := Tr(£ x [p\) 



(15) 



with p x the probability of the x outcome. The ensem- 
ble of outcomes is written as {a x ,p x }. Assume {\*pi),qi} 
is the optimal decomposition of p in the sense that 

F{p) = J2i a iF P urc(\^i)(^i\)- Lct K X ™1 be a choice of 

Kraus operators for £ x . Each K^} effects the mapping 



OS* 



(16) 



with probability q^} t = \\K^J\^)f. Thus 



= — ^ ( xIm ( x },i){<i> x %\ 

Px . „ 



(17) 



The convex-roof extension is a convex function 
(Lemma [I} so 

Px . D 
i. a, a 

= r£*^^(l*&><o ( 18 ) 

PX . „ 

The operators K x a } are themselves G-invariant, and as 
we have assumed that F puro is an ensemble monotone on 
pure states, 

F pme mm > £ efeiVe (19) 

X.t.OL 

readily follows. Putting everything together, we obtain 
F(p)=£>F pure (|V>i><^|) 

i 

i,x,£,a. 

>Y,PxF(o- x ) (20) 

x 

so the convex-roof extension is indeed an ensemble mono- 
tone. □ 

In other words, if a pure-state frameness measure is an 
ensemble monotone on pure states, then the convex-roof 
extension is an ensemble monotone under all allowed CP- 
maps. Therefore, we need only consider how a function 
behaves on pure-state to pure-state transformations in 
order to determine if it is an ensemble monotone. Also 
note that we do not interpret the convex-roof extension 
in terms of cost of forming the state at this stage. Rather, 
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we treat the convex-roof extension only as an ensemble 
frameness monotone under G-invariant transformations. 

In the next section we present the main result of our 
paper. The main result of the paper consists of a general 
method to construct pure-state frameness monotones for 
phase-invariant channels that we then extend to frame- 
ness monotones for all states via the convex-roof exten- 
sion. We then narrow our study to specific measures that 
quantify the frameness of bounded-size quantum RFs for 
phase. 



IV. QUDIT MONOTONES FOR U(1)-SSR 

We are now in a position to construct useful frameness 
monotones for d-dimensional qudits. Although we dis- 
cuss quantum RFs for phase, our results apply to abelian 
symmetry groups in general. 

We bring all states into the standard form with- 
out multiplicities: = J2 n VKi\ n )- Let ^min(IV')) 
and n max (|'0)) denote the minimum and maximum val- 
ues of n in the number spectrum defined in Eq. (j6)), with 
the restriction 



n.max(IV')) - "min(IV')) < d. 



(21) 



Consider a U(l)-invariant transformation Kp of Eq. 
that maps 



IV>) -> 10 



(«)\ - 



K 



(a) 



\i>) 



(22) 



with probability p e 
the mapping 



Let us define 



(a) 



2 , where iQ effects 
^ + (23) 



(24) 



and purify p^ by adding an auxiliary reference system R 
to obtain 

=J2^\ n )s^\nmM)) ~ n) n e J4?s®J?k (25) 



with S signifying the original system. If we follow 



the same procedure for the state |< 
rimsxQ^e >) = n max (\tp)) +£, we use 

|n max (|^ Q) »-(n + ^)) I 



a( q )\ 



noting that 




(26) 



^max (IV 7 )) - n)i 

„( Q ) _ 



Evidently, can be transformed to \4> < f' > ) via the lo- 
cal transformation g) 1r, where Ir, is the identity 
operator on R. 

The states and \4>f^) are dependent in the sense 
that one state can map to the other via operations act- 
ing only on the system S, i.e. local operations. The fact 
that the two purifications in Eqs. (|2"5j) and (|2l))) can be 
linked together by a local operation is due to the SSR re- 
striction on the operations • To see this, suppose the 
restriction was lifted to allow a number state \n) to trans- 
form to a superposition of two number states \rii) + \n 2 ) 
with ni > n\. The purification process in (|25[) maps the 
outcome superposition to an entangled state 

\4 a) ) « Vm\ni)s ® |n 2 - m) R + s/m\n 2 )s ® |0) R , (27) 

whereas the purified version of the initial state, \tp) = 
|rz,)s <S> |0)r, is separable, and no local operation can make 
it entangled. 

Our particular choice of auxiliary states in the purifi- 
cation process ensures that purified states always remain 
within a superselected block of some fixed total number 
as for Eq. (|2"5"|) . Thus, we can see that the operators 

in (JSj) are precisely those Kraus operators that act 
on system S alone and, at the same time, either keep the 
joint state of the two systems S and R within the multi- 
plicity space of total number n max {\il>}) or transfer them 
both to the multiplicity space of another total number 
ft-maxdV')) + f° r some I > — n max (\ip)). System R acts 
as a sort of quantum phase reference in the sense that it 
enables system S to break the SSR locally while preserv- 
ing the overall SSR. The partial trace that results from 
lack of access to the reference system R is equivalent to 
the twirling map on the initial unipartite state. 

All bipartite pure state entanglement monotones can 
be expressed as concave functions of the Schmidt coeffi- 
cients of the states, or equivalently, the eigenvalues of the 
reduced density matrix |9|. The reduced density matrix 
of the state is the same as p^ defined in Eq. (|24[) . 
Thus, from any entanglement monotone function defined 
for states acting on j£g <g> J4Sr, we can build a monotone 
under U(1)-SSR for states acting on Jif by replacing the 
partial trace with the twirling map. We formalize this 
result in the following proposition: 

Proposition 3. Suppose a function f : S(J4?) — >• M. + 
satisfies the following two conditions. 

El. Unitary invariance: f(p) — f{Up U*)VU <E S(Jff). 

E2. Concavity: f(t Pl + [1 - t]p 2 ) > tf(pi) + [1 - 

i]/(p 2 )V*e[0,l]. 



Then 



: V (JT) -> R + : (^| h> f(G (MM)), 



is a pure-state ensemble monotone under U( 1 )-invariant 
operations, and its convex-roof extension 



F : S (Jt?) 



(28) 
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is an ensemble monotone for all states. 

Proof. We first prove that -Fpuro is a pure-state ensemble 
monotone. Let £ = Y] £ x for £ x being U(l)-invariant 
completely positive operators that map pure states to 
pure states. Given a pure state \ip), we follow the nota- 
tion of Definition [2] 

l&.X^I := —£ x , Px := Tr(£ x ■ (29) 

Px 

Let the corresponding U(l)-invariant Kraus operators be 
indexed as 



Kx,j\ip) = VPx~j\(l>x}, 



(30) 



where J2jP?,j = Vx- The purifications of p^, and 
according to Eqs. (pj)) and (f2"rj)l are then related to each 
other by 



K X J <g> lR\i>) = JPx, 3 \4>x)- 



(31) 



The reduced density operator of the auxiliary system R 
docs not change under the transformation. For 



Tr. 



(iVXVl), t x = Tr s (|^) (0 a |), (32) 



we obtain 



^ ^ Px,jTx — ^ Px 7~x • 



(33) 



under general J7(l)-invariant CP-maps. Furthermore, by 
Condition E2, / is concave under mixtures of two or more 
states whereas Condition F3 of Definition [1] states that a 
frameness monotone has to be a convex function. 

We can now build the counterparts of Vidal's entan- 
glement monotones for pure states |{|. Let 



(37) 



be the vector obtained by rearranging the coordinates of 
\(pif,) in decreasing order. 

Corollary 4. The family of pure- state functions 

d 



p + 



IVWI^X^' k = 2,...,d (38) 



=k 



together with their convex-roof extensions are a family of 
U( 1 )-frameness ensemble monotones. 

This family of functions clearly satisfies both condi- 
tions of Prop. [3] Consequently, we see that the outcomes 
of any U(l)-invariant transformation majorize the initial 
state on average. This generalizes what was already es- 
tablished for the case of deterministic transformations [f| . 

As another example, consider the entropy of the 
twirled state that is both concave and unitarily invari- 
ant. 



Condition El (unitary invariance) ensures that / is a 
function only of the state's eigenvalues, and concavity 
ensures that 

f{r) = fr£pxT x \ >5>J(t*). (34) 

On the other hand 



/(Tr s [MMJJ =/(Tr R [|^>M 

and similarly for {l^)}. Finally, Eqs. (|34[) and ([33)) to- 
gether imply 

impure (|V> (VI) > ^fe^pure (|<k) (0x|) , (36) 
x 

which is the desired result. Lemma [2] ensures that the 
convex-roof extension F defined by Eq. (fTT|) is also an 
ensemble monotone for all states. □ 

Note that F pme (\ip)(ip\) : = fM in E q- (EHJ) is an 
ensemble monotone function of the pure state \ip) and 
not the mixed state p^ (Eq. $ty ). Also the convex-roof 
extension F is no longer the same function as /, although 
both F and / act on the whole state space S(Jf). In 
fact, the function / by itself is not a monotone at all. 
For example, no condition is set for the behavior of / 



Corollary 5. The entropy of frameness 

SfGVXVI) ■= -PV' lo 8'2P^ 
is an ensemble monotone under a U(1)-SSR. 



(39) 



The entropy of frameness is equal to the relative en- 
tropy of frameness (G-asymmetry) for pure states Q. 

Conditions 1 and 2 in Prop. [3] are only sufficient con- 
ditions for U(l)-monotones and not necessary ones, not 
even for monotones defined over pure states. If \ip) can 
be transformed to \4*^) under general local operations, 
it does not follow that is necessarily transformable 
into \<j>) under a U(1)-SSR. This reasoning follows simply 

because the local transformation that takes |V) to \4>f^) 

need not have Kraus operators of the form ® 1^ 

for specified in Eq. ©. Thus, the frameness mono- 
tones, unlike entanglement monotones, do not have to 
remain non-increasing on average for all local operations 
and therefore need not be of the form derived in Prop. [3] 
As a counterexample, consider the normalized number 
variance 



pure (|VXVI) =4((V>|n 2 |V) - (VI n |V> 2 ) ■ (40) 



V, 



The variance is neither concave nor convex, and yet it was 

shown to be an ensemble monotone over pure states 

For similar reasons, majorization is a necessary but not a 
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sufficient condition for pure-state to pure-state determin- 
istic transformations. Thus, the U(l)-frameness mono- 
tones of Eq. (|38|) . unlike Vidal's monotones in entan- 
glement theory, do not fully characterize deterministic 
U(l)-invariant transformations 0. 

Motivated by Wootters's formula for the concurrence 
of bipartite two-qubit states |16|. later extended to bi- 
partite qudit states [ill, EH, HJ, we can also construct a 
family of concurrence measures for qudits with d > 2. 
Let 



E 



■ A, 



(41) 



mx<m,2<---<m k 



for k — 2, . . . , d, denote the /c th elementary symmetric 
function of the eigenvalues \{p,p) = (Ai, . . . , A^) of p^. 
We assume that A„ = for n max (|-0)) < n < d. 

Definition 4. The family of concurrence- of- frameness 
functions are defined for pure states as 



S, 



(42) 



Proof. The proof is similar to Wootters's proof for con- 
currence of entanglement [l6[ . Without loss of generality 
we assume that pi > p -2- Let 



P=\4>i){(l>i\ + \h)(4>2 



(45) 



be the spectral decomposition of p, where each state \<pi) 
is unnormalized. Also let := (<^j|0j), which yields the 
symmetric relation r%j = Tji (l6| . Then 



^ 2 = E( rr *)yi^)^ 



(46) 



'■./ 



and the unitary operator U that diagonalizes R 2 relates 
the spectral decomposition of p to a different decompo- 
sition p = + |£2) (£2 1 for which the corresponding 
matrix := is diagonal, and 



T 'n = Mi, r 22 = ,t' 12 = t' 21 = 0. 



(47) 



The average concurrence of the ensemble {|£i), ^2)} 
that realizes p is 



(48) 



and extended to mixed states via their convex-roof exten- 
sions. 

The fk are concave functions of X(p) Hence 
Prop. |3] guarantees that {Ck} are ensemble monotones 
as summarized in the following corollary. 

Corollary 6. The concurrence Ck{p) for k — 2,...,<i 

of a state p does not increase on average under U{1)- 
invariant operations. 

Note that non-resource states are number eigenstates 
hence not of full rank. Thus, their concurrence is identi- 
cally zero as is expected from Condition Fl in Dcf. Q] 

Now we demonstrate the similarity between the entan- 
glement and frameness resource measures by calculating 
the concurrence of mixed qubit states. For a pure single- 
qubit state (d = 2), C 2 (|^)) = \{ip\X\ip*)\ for complex 
conjugation in the basis {|0), |1)} and X = |0)(1| + |1)(0| 
the flip operator in this basis. Let 



R ■= \ VppVp, p ■= x P *x, 



(43) 



and let the set of eigenvalues of R be p(R) = {pi,p2}- 
In Appendix [SI we derive the explicit dependence of p\ 
and P2 on the parameters of the spectral decomposition 
of p. 

Proposition 7. The concurrence of frameness for a 
qubit state p is 



C2 (p) = \pi - M2|- 



(44) 



and we define the average preconcurrence of this ensem- 
ble as 



(C) :=^4= Ml 



Pi- 



(49) 



If the concurrence of the states are not equal, we 
can always interchange them by an orthogonal transfor- 
mation. Due to continuity, there must also be an inter- 
mediary orthogonal transformation V that takes to 
states with the following property: C2 (|Ci) (Ci I) = 
C2 ( IC2) (C2 1 ) = (C). Hence, the average concurrence of 
the new decomposition also equals the preconcurrence, 



{C) = {C)=p l -p 2 . 



(50) 



For any other decomposition of p attained by the uni- 
tary operator V', let := VQ so that J2i \ v ij\ = 1- The 
average concurrence is equal to 





> 


pi - y^2^2 


j 




i 



> Pi 



V i2p2 



> Pi 



M2, 



(51) 



where we assume vn are real, by a suitable change of 
the overall phase if necessary, so that ^ Vn = 1. Thus, 
the average concurrence of the ensemble {|Ci), IC2)} is the 
minimum average concurrence. □ 
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As for entanglement, we can use the closed form of the 
average concurrence to calculate the convex-roof exten- 
sion of a set of other frameness monotones. The following 
corollary specifies what type of monotones belong to this 
set. 

Corollary 8. If a pure-state frameness measure F pure 
is a non- decreasing convex linear functional T(C '2), then 
F{p) = J-(C 2 (p)) for all p S S(J$? ) with F the convex- 
roof extension of F pure . 

Proof. Recall that there exists a decomposition with 
the minimum average concurrence where C 2 {p) = 
CadCiXCil) = C 2 (|CaXCa|). Thus, for any other 
decomposition of p = J2jl'j\' t l ; j)(' l l ) j\ we must 
have Ca(|CiXCi|) < Ej ^WiWil). As F(C 2 ) is non- 
decreasing and convex, we have 



^•(c 2 (ici>(Cii))<^^E^ c 2(i^x^i) 

<^ g ;^(C 2 (|^-)(^|)). (52) 

Thus T (C 2 (pj) = J- (C^dCiXCiD) is equal to the average 
frameness of p minimized over all its decompositions. □ 

In the next section we use this corollary to calculate the 
convex-roof extension of the variance (|40[) . which is the 
asymptotic measure of U(l)-frameness. Finally, we note 
that this corollary can also be used for the convex-roof 
extension of the asymptotic Z2-frameness measure [|| . 



V. FRAMENESS OF FORMATION 

Proposition [3] enables us to systematically construct 
frameness monotones under U(1)-SSR, but as we noted 
earlier, not all U(l)-frameness monotones can be ob- 
tained this way. Yet, there is still a chance that the 
convex-roof extension of monotones that cannot be ob- 
tained by the method of Proposition [3] may be expressed 
directly as a function of monotones that do. In particu- 
lar, Corollary [8] specifics which monotones can be related 
in this way to the concurrence of frameness for the case 
of single qubit states. 

The number variance (|40[) is an important frameness 
monotone that does not meet the conditions of Propo- 
sition [3J i. e. it is not a concave function of the twirled 
state. Besides being an ensemble monotone, variance is 
the unique measure of frameness of pure states in the 
sense that it quantifies the rate at which they can be 
asymptotically formed from or distilled into the state 
|+) := (|0) + |1))/V2 @. The |+) state is chosen as 
a standard unit resource state and is an instance of a 
unipartite, or local, refbit @, Q. Thus, the convex-roof 
extension of the variance is the equivalent of the entangle- 
ment of formation fl5| and is therefore called the frame- 
ness of formation (FoF) of the group U(l) @. 



Definition 5. The frameness of formation for the group 
G=U(1) of a state p in terms of refbits |+) is 

V(p)= min y^qiVpureQipi)^), (53) 



where V pur e(\ipi) 



As we presently show, the variance of a qubit is a con- 
vex function of the concurrence, and we can determine 
the FoF of a qubit analytically by relating the vari- 
ance to the qubit's concurrence of frameness using Corol- 
lary [5] The outcome is analogous to Wootters's formula 
for the entanglement of formation of bipartite two-qubit 
states fl6| . 

Proposition 9. The FoF of a single qubit is 

V( P ) = \p 1 -p 2 \ 2 (54) 
for pn = {pi,p 2 } the set of eigenvalues for state R = 

Proof. Recall that 

Ca(|V>XV>l) 

frameness (|40p is a convex, non-decreasing function of 
the concurrence, V(C 2 ) = Cf . The result follows from 
Corollary [5] □ 



Ao|0) + VM\ 1). We have 
2y%M and F pure (|VXVI) = 4A Ai. The 



Schuch et. al. already identified the equivalent of the 
number variance in a bipartite setting as a separate mea- 
sure of non-locality under the joint restrictions of LOCC 
and total-number SSR, where they call the bipartite 
measure the "superselection-induced variance" and also 
show, among other things, that its convex-roof extension 
can be obtained from the bipartite entanglement concur- 
rence m. 

The SSR-induced variance and U(l)-fameness of for- 
mation are related, and the arguments in section Hvl that 
relate frameness resources to entanglement through pu- 
rification of the twirled state makes the link between the 
two measures even more explicit. However, although we 
employ bipartite states for purification, our aim is not to 
study nonlocal frameness. Rather, the resources we con- 
sider are unipartite and are not restricted by this SSR. 
Only the operations have to obey the SSR. The mono- 
tones and measures of frameness we consider, including 
the concurrence of frameness and the variance, are viewed 
as local RF resources and are treated on their own, inde- 
pendent of entanglement theory. 

Strictly speaking, the variance quantifies the rate of 
formation for states \tp) = X n \n) whose number spec- 
trum, speed?/ 1 )) ©j i s gapless, i. e. states for which 
A ni > and A„ 2 > implies that A„ > for all n between 
n\ and n 2 . The reason is that states with gaps cannot 
be transformed to gapless states with non-zero probabil- 
ity under U(1)-SSR. However, the problem can be solved 
by employing negligible amount of catalyst resources that 
makes it possible to asymptotically transform gapless and 
gapped states to each other in a reversible manner 0, Q . 
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Here, we have assumed all pure states are mutually inter- 
convertible. Under this assumption, we can consistently 
interpret the convex-roof extension of the variance as the 
minimum average cost, in terms of refbits, of preparing 
the ensemble of states that realize the mixed state. 



VI. CONCLUSIONS 

We have developed a framework for studying frameness 
measures and studied in detail the special case that the 
lack of reference frame information corresponds to igno- 
rance about a phase reference, i.e. a U(l) invariance. Our 
strategy has been to adapt existing entanglement mono- 
tones for mixed states, which use the convex-roof exten- 
sion, to the case of frameness monotones. The concur- 
rence frameness illustrates this point well: concurrence 
of entanglement is straightforwardly adapted to a frame- 
ness concurrence monotone using a convex-roof extension 
of the pure-state case. We also introduced a frameness 
of formation monotone. This monotone quantifies the 
number of refbits required to construct a resource state, 
analogously to the case of entanglement whereby ebits are 
consumed to construct a resource states. We show that 
the resultant frameness of formation is indeed a proper 
monotone. 

In the restricted U(l)-invariance case considered here, 
we have seen that, despite the great difference between 
superselection rules and local operations under classi- 
cal communication, with the former related to frameness 
and the latter to entanglement, every pure state bipar- 
tite entanglement resource has an analogous frameness 
resource. 

This connection is explicitly clear in our strategy of 
purifying the twirled state, which results in a bipartite 
system. Whether this connection between frameness and 
entanglement holds beyond U(l) invariance, and specifi- 
cally for non-abclian group invariance, and whether other 
entanglement monotones that are not convex-roof exten- 
sions are similarly related to frameness monotones are in- 
teresting questions that remain open. Our work on U(l) 
invariance establishes a foundation for studies of quan- 
tum frameness for mixed-state resources and suggests 
deeper connections between entanglement and frameness 
measures. 
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Appendix A: Explicit concurrence of frameness and 
U(l)-frameness of formation of a qubit 

Let p = + (1 — p) \<j)2) (02 1 be the spectral 

decomposition of the state p. The two states \4>\) and \4>2) 
have the same relative phase and can be simultaneously 
transformed by U(l)-invariant transformations to states 
with real amplitudes on the Bloch sphere: 

\<h) =cos-|0)+sm-|l), 
|0 2 )=-sin||O)+cos||l). (Al) 

The two singular values of the state R(p) in Eq. (|4"3"]) are 



M,2 = y P(l - P) + g (! - 2 P) 2 sin2 a±K ( A2 ) 

for 



K := -| (1 - 2p)sina|y (1 - 2pf sin 2 a + 4p(l - p). 

(A3) 

The state's concurrence is equal to 

C 2 (p) = |(1 -2p) sina|, (A4) 

and 

Va(p) = (1 - 2p) 2 sin 2 a (A5) 
is the qubit U(l)-frameness of formation. 
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